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Abstract -- This paper presents a numerical model of High 
Pressure Sodium (HPS) lamps including the acoustic streaming. 
The model is implemented in COMSOL and based on the finite 
elements method using a 2D axi-symmetric geometry. Moreover, 
a revision concerning AR experimental characterizations of 
HPS lamps will also be provided. The results presented in this 
paper will contribute to the understanding of AR phenomena 
and help in the electronic ballast design methods for AR 
avoidance. 
 
Index Terms- AR characterization, Acoustic streaming, 
Acoustic waves, HPS lamps modeling 
I. INTRODUCTION 
High Pressure Sodium lamps (HPS) are artificial light 
sources based on the radiation of a sodium discharge. HPS 
are widely spread in our environment, especially in public 
lighting, where they can be recognized with their orange 
characteristic light color. Although lighting systems based on 
these lamps have currently one of the highest efficacy 
(typically 120lm/W) higher efficacies can be achieved with 
high frequency power supply (some tens or hundreds of 
kHz). However HPS lamps operation at high frequency is 
usually accompanied by a perturbing phenomenon, 
provoking lamp arc instability, known as Acoustic 
Resonance (AR) [1-2]. Nowadays, commonly used electronic 
ballasts for HPS lamps usually operate at low frequency 
(around a hundred hertz) square waves in order to avoid the 
occurrence of arc instabilities. 
Using higher frequencies would decrease the ballast 
weight, size and cost. It was shown that the best operation 
frequency is around 300 kHz [3]. Many attempts have been 
done to increase ballasts operating frequency while avoiding 
acoustic resonances. In [4] a modulation method based on a 
constant central frequency and a frequency modulation band 
of 10 kHz was used. In [5], lamp geometry and operating 
frequency schemes are designed in order to reduce the 
negative effect of acoustic resonances. Another method 
referred to as ‘spread spectrum’ is also reported to reduce 
lamp instabilities when operated at high frequencies [6]. 
Lamp AR experimental characterizations are also conducted 
so as to define AR zones and its detections necessary for 
ballast design [7-9]. In [10] a model of HID lamp including 
the acoustic instabilities has been performed. 
The Acoustic Resonance phenomenon is due to the 
development of standing acoustic waves in the lamp burner, 
however, the interaction between these acoustic waves and 
the arc is still poorly understood, especially their impact on 
the arc shape. Consequently, a model capable of taking into 
account this interaction is required in order to improve the 
phenomenon physical comprehension and evaluate the 
impact of acoustic resonances on arc distortion with the lamp 
frequency. In this paper, a revision of AR characterizations is 
conducted in section II. A model development of AR 
including acoustic streaming will be provided in the 
following sections. Contrary to [10], the physical phenomena 
of the HID lamp have been dissociated in order to see in 
precise manner the influence of each parameter (gaz pressure, 
burner geometry …) on the behavior of the lamp under the 
influence of acoustic resonances. The results obtained with a 
2D axi-symmetric HID lamp model will also be presented 
and discussed. This study will contribute to the understanding 
of AR phenomena and help in electronic ballast design 
methods for AR avoidance.  
 
II.  AR EXPERIMENTAL CHARACTERIZATIONS
Basically, the AR is excited when the power supply 
frequency is equal to the AR eigenfrequency and its power is 
higher than certain threshold. An example of experimental 
power supply for AR excitation is a low frequency square 
wave, superimposed with a high frequency sine wave current 
source. It should be noted that the AR can be different from 
lamp to lamp of the same type due to the geometry and gas 
composition tolerances in manufacturing process. 
Experimental results of power threshold in an HPS 150W 
lamp are illustrated in Fig. 1 [11]. 
The study of an HPS lamp supply with a sinusoidal source 
also demonstrates that the degree of arc instability and lamp 
parameter variations due to AR depends on the supply 
 frequency within the unstable AR zone (Fig. 2). This 
instability can also lead to lamp arc extinction. Furthermore, 
hysteresis phenomenon is presented in the discharge when 
lamp supply frequency sweeping is applied in increasing or 
decreasing direction. The experimental results given in Fig. 2 
show that the AR zones and parameter variations are more 
pronounced in decreasing mode than in increasing mode. 
According to the explanation in [12], arc bending due to AR 
can shift the eigenfrequency, as a result, the extension of 
backward AR band is the consequence of frequency shifting. 
 
 
Fig. 1: AR threshold in HPS lamp SONT 150W [11] 
 
 
Fig. 2:  Lamp electrical parameter variations in HPS lamp SONT 150W 
[11] 
 
The AR excitation phenomenon is hence related to 3 main 
subjects: eigenfrequency, arc fluctuation amplitude and 
power threshold. The model for eigenfrequency estimations 
has been developed so far by many literatures while a 
simplified model can also be obtained. Besides, the model for 
AR instability or fluctuation amplitude at each AR mode is 
less developed because of the interaction between the AR and 
the arc is still less understood. In this paper, an AR modeling 
for arc fluctuation amplitude estimation, including the 
acoustic streaming is presented and will be discussed in the 
next section. 
III.  MODEL DESCRIPTION 
A.   Lamp characteristics 
A typical HPS lamp characteristics and shape (Philips 
Master Son-T PIA Plus) used in our study are shown in Table 
I and Fig. 3 respectively. The filling gases within the lamp 
tube consist mainly of a mixture of sodium, mercury and 
xenon. 
 
 
TABLE I BURNER DIMENSION AND PARTIAL PRESSURE OF THE FILLING GASES 
[2] 
Radius [mm] 2.4 
Length [mm] 76 
Distance between electrodes [mm] 58 
DC current amplitude [A] 1.82 
pNa (kPa) 12 
pHg (kPa) 100 
pXe (kPa) 30 
 
 
Fig. 3: Geometry of burner used in the model (burner dimensions in m) 
 
B.  General assumptions   
The modeling of HID lamp is carried out under the 
following assumptions: 
- the arc column is assumed to have a cylindrical 
symmetry, 
- the plasma is supposed at the local thermodynamic 
equilibrium, under this assumption, the plasma 
properties can be deduced from the temperature 
distribution, 
- the plasma flow is assumed incompressible,  
- the coupling of the plasma with the electrodes is 
 neglected, 
 
The equations governing the physical gas discharge are 
resolved at steady state and the calculations are performed 
using the COMSOL Multiphysics Finites Element Method 
(FEM) tool. 
C.  Fluid model 
According to the assumption mentioned above, the plasma 
mechanisms are governed by three differential equations: 
- The Elenbaas-Heller equation for the determination of 
the temperature distribution in the burner, 
- The incompressible Navier-Stokes equation to 
compute the convection velocity, 
- The current continuity equation to obtain the 
distribution of the electrical field.  
  
The Elenbaas-Heller equation (1) is written as follow: 
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where k is the thermal conductivity, T the temperature, ! the 
mass density, Cp the heat capacity at a constant pressure, U
!
 
the natural convection velocity and St the heat source density. 
The velocity U
!
is set at zero in the electrodes and walls 
domains as there is no convection. 
The term source St is computed from 
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where ! is the electrical conductivity, E the electrical field 
and urad is the radiations losses. 
Assuming an ideal gas medium, the mass density is given by 
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where p is the static pressure, M the average atomic mass of 
filling gases, R the ideal gas constant. 
 
The boundary conditions of the external faces of the walls 
burner is specified according to  
  
              0. qTkn #$
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      (4) 
 
where q0 is the inward heat flux calculated from the Stefan-
Boltzmann law 
              40 Tq SB*'#                  (5) 
with !SB the Stefan-Boltzmann constant. 
The temperature boundary condition are used for the external 
edges of the electrodes with a constant value of T0=1500K. 
The initial value of the temperature is taken from [2] and is 
corresponding to the temperature profile of HPS lamp 400 
W. 
 
The velocity U is given by the incompressible Navier-
Stokes equation (6). 
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where I
!
is the identity vector, F
!
 the volume force due to the 
gravitation ( gF
!!
(# ), and " the dynamic viscosity. This 
equation is applied only to the domain corresponding to the 
plasma. As boundary conditions 0
!!
#U  is used (no slip).  
It is important to establish one point constraint for the 
pressure on the interior boundary. This point is placed at the 
vertices formed by the union of the lower electrode with the 
internal edge of the wall and its value is set at the static 
pressure of the lamp. 
The initial value for this equation is 0)( 0
!!
#tU  and )( 0tp
!
 is 
set at the static pressure of the lamp. 
 
To obtain the electrical field E in the burner, the current 
continuity equation has to be solved (7) and it applies only in 
the plasma domain. 
 
! " ! " 0.. #$#$#$'%$ jEV ** !!    (7) 
 
where V is the electrostatic potential and j the current 
density.  
 The boundary conditions of the plasma domain are set as 
Neumann boundary conditions: 
 
              0).( JTn #$'
!!
*              (8) 
 
J0 represents the inward current density. Its value on the 
electrode tip is obtained by dividing the applied current by 
the transversal area of one electrode. The upper electrode tip 
is set at a positive value and the lower electrode tip at a 
negative value. The sides of the electrodes and the walls of 
the lamp are defined as the insulation condition (J0 = 0). The 
initial value of the potential is set to V(t0)=0. 
The calculation of the transport coefficients is based on the 
work of Hirschfelder and al [13] and Devoto [14-15] 
according to the Chapman-Enskog theory. The plasma 
composition and the thermodynamic properties are obtained 
using the chemical equilibrium.  
The radiation losses is taken from Elenbaas theory and is 
given by 
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 where N0(T) is the atomic density in the lower states, gi and 
g0 are the statistical weights of the excited and fundamental 
states, Aij the atomic transition probability and kb is the 
Boltzmann constant. The atomic transition for sodium is 
taken from [2], while neglected the influence of mercury and 
xenon on the radiation losses because its impact become only 
significant at temperature higher than 5000 K. On the 
Fig.4(a), the temperature distribution is shown. We can see 
that the axial temperature is equal to 4400 K and it is in good 
agreement with the calculation of de Groot and van Vliet 
(Tax= 4550 K) [2]. The convection velocity in burner, 
generated by the gravitational force ( gF
!!
(# ), is given by 
Fig.4(b). Because of this convection velocity, the arc 
discharge is maintained at the axis of the burner. The upward 
convective velocity in the centre of the arc tube is of the 
order of 0.1 cm/s. 
 
               (a)                                                              (b) 
 
Fig. 4: (a) The temperature profil [K] in the burner (b) and convection 
velocity [m/s] due to the gravitational force. The arrows denote the direction 
of the velocity. 
 
The temperature distribution provides by this model is 
used as the input parameter for the computing of the acoustic 
modes in the next section. 
 
D.  Acoustic model 
When a high pressure discharge lamp operates at certain 
high frequencies, the discharge path can become unstable and 
distorted. These instabilities are due to the acoustic resonance 
generated by the propagation of an acoustic wave and its 
interaction with the discharge. The influence of acoustic 
resonances on the arc discharge becomes important when 
lamp power frequency is close to the corresponding AR 
eigenfrequency. The eigenvalue can be obtained by solving 
an inhomogeneous Helmholtz equation for the plasma 
domain [4,17,18]. 
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where cs is the sound celerity of gas compound in the 
container, # denotes heat capacity ratio, and H constitutes the 
Fourier transform of the power density injected to the gas. 
The sound velocity cs and the temperature T are related 
through MRTcs 9#  
The inhomogeneous Helmholtz equation in (10) provides 
only the eigenfrequencies without the amplitudes of acoustic 
pressure because the term H is set to 0. The model does not 
consider the absorption losses related to surface losses due to 
the thermal conductivity of burner’s walls, and volume losses 
due to the friction in the plasma generated by the thermal 
conductivity and dynamic viscosity. In our simulation, we 
neglected the volumes.  
 
E.  Post-treatment 
The amplitude is computed in post-treatment by 
introducing the quality factor. On the one hand, the quality 
factor k
lQ  related to the conduction loss on the boundary layer 
with a depth kld , and according to [4,17,18] can be defined as 
in (11). 
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pl denotes the acoustical eingenmode for lth mode, Vb the 
volume of the burner and Sb its intern surface.  
On the other hands, the quality factor <lQ  related to the 
viscosity loss term on the boundary layer described by a 
given depth <ld , is defined in (12) [4,13,14]. 
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where lp$
!
 is the component of the pressure gradient 
tangential to the burner wall. 
In order to compute the pressure amplitude for each 
 acoustic mode without the losses, the following equation is 
applied [4,17,18] 
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Finally, the AR amplitude in function of discharge 
injected frequency at a given AR frequency or AR mode is 
described by the following equation [4,17,18]: 
 
! "
j
j
j
j
Q
i
A
iA
::
::
:
:
&'
#
22
    (14) 
with 7
l
k
lj QQQ
111
&#  
 
Fig. 5: Simulated acoustic resonances amplitude of HPS lamp SON-T   
 
Fig.5 illustrates the simulation results of AR amplitude 
over input frequency in HPS lamp SON-T 150 W and it is in 
good agreement with the experimental results shown in Fig.1 
and Fig.2. The frequency range in our study is defined as 20 
kHz, nevertheless, it is possible to simulate the model at 
higher frequencies. It can be seen that the maximums 
amplitudes of AR corresponds to the pair longitudinal modes. 
These results correspond to the experimental study of Epron 
[18] on HPS lamp SON-T 400 W. Indeed, he denoted that 
only the pair modes appear in the sodium lamp when it 
supplied at high frequency. This is due to the integral 
pressure as shown on Fig.6 and occurs in the computation of 
Aj (13). Because the longitudinal pair mode of the acoustic 
pressure have a sine form with same positive and negative 
anti-nodes, as we can see on Fig.7, the effect of the positive 
and negative antinodes is vanished. 
 
 
Fig. 6: Pressure integral versus resonance frequency 
 
Fig. 7: Relative value of acoustic pressure for some modes 
(eigenfrequencies 3.06 kHz, 5.9 kHz, 8.4 kHz and 10.8 kHz, respectively). 
Red indicates positive antinodes whereas blue indicates negative antinodes.   
 
F.  Acoustic streaming model 
The acoustic streaming caused by the spatial variation of 
Reynolds stress by generating a net force per unit volume 
[19], and influences the behavior of the plasma in the burner 
of HID lamp. The study carried out by Afshar [20] on 
acoustic resonances considered its origin to the acoustic 
streaming. It was demonstrated that the acoustic streaming 
generates a non-linear acoustic flux with mean value 
different to zero. The force acoiF _  for an axe direction ’i’, can 
 be written as in (15): 
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Meanwhile, for the axe direction ‘j’, the corresponding force 
is described by: 
i
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where iv and jv are the acoustic velocities following the 
direction of axes i and j computed by the inhomogeneous 
Helmholtz equation (10), and jivv(  is temporal average 
value. 
 
 
 
 
 
Fig. 8: The convection velocity [m/s] including the influence of the acoustic 
streaming in HPS lamp SON-T 150 W and corresponding to the frequency 
equal to 10.8 kHz. The streamlines correspond to the velocity. 
 
These calculated forces can be implemented in Navier-
Stokes equation (6) to obtain the convection velocity 
meanwhile considering the gravitation and the acoustic 
streaming in the burner of the lamp: 
ji FFF
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These resulting forces representing the streaming 
phenomenon need to be integrated into the AR model given 
in previous section, in order to implement the numerical 
simulations.  
 
On the Fig.8, we can see several fluxes of velocity 
generated by the acoustic streaming force. In addition of 
these fluxes, the amplitude of the velocity increases 
noticeably from 0.1 cm/s (without AR) to 4.5 cm/s (with AR) 
and it is non uniform like in the case where the acoustics 
resonances are not appear (Fig.4.b). This increasing of the 
amplitude and the generation of the velocity fluxes explain 
the instabilities in the burner of HPS lamp and the 
displacement of the electrical arc. Indeed, because of these 
fluxes, the arc discharge path it does not stabilized by the 
natural convection velocity like in the case where the lamp it 
is not under influence of the acoustic resonances. 
 
 
Fig. 9: Schematic modeling steps. 
 
 
IV.  CONCLUSION 
 
The revision of an AR experimental characterization 
method and the AR modeling including acoustic streaming 
are presented in this paper. The experimental results for AR 
excitation indicated different characteristics of lamp 
parameters responses during its AR excitation at high 
frequency. Whereas, the AR modeling is based on several 
coupled equations solved by Comsol finite element method 
considering 2D axi-symmetric discharge geometry. The 
simulated results allow to obtain a good estimation of AR 
eigenfrequency and amplitude. In addition, due to the 
introduction of acoustic streaming in our calculation, by 
taking in account the non-linearity of the acoustic velocity, it 
is possible to explain the interaction between the electrical 
arc in the burner of HPS lamps and acoustic resonances.  
  
Despites the simplifications and approximations, the 
model provides satisfactory results in relatively short 
computing time with reasonable memory requirement for a 
desktop computer. 
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